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Abstract 
Concerning the last year (12th grade) education in Bulgarian secondary schools it is important to realize expedient preparation 
for forthcoming school-leaving examinations at the end of the school year. An adequate instrument is proposed to predict and 
consequently to avoid the appearance of a situation when students loose motivation before the final exam after being involved in 
a fruitful learning process with ascending character. A mathematical model is applied for the purpose, elaborated by the author 
previously in (Grozdev, 2007). Corresponding curves and surfaces of learning are constructed to assist the learning process in 
connection with the stated problem.  
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1. Mathematical modeling of learning process 
It is well known that learning process is of non-uniform character, regardless of the learning type – perceptive-
motor learning, associative learning or of some other type. Initially learning is rather slow. This is due to a necessity 
for adjustment, realization of new situations or acquiring of new notions and techniques, if any, etc. Fast initial 
perception is also possible. It may be due to sudden insight, lack of unknown facts at the beginning, strong 
motivation, etc. The American psychologist Edward Thorndike (1874–1949) called this “negative acceleration 
(Thorndike, 1999). Despite the differences between initial speeds and accelerations, development exists in all cases. 
One cannot talk about learning, without accounting for certain development of the processes involved. Hence, 
development is one of the basic features of learning. On the other hand, one cannot equate the process of 
learning/preparation to that of vessel filling, i.e. learning process is not linear. Far back in 1885, the German 
psychologist Hermann Ebbinghaus (1850–1909) has investigated human memory and has carried out quite an 
attractive experiment (Ebbinghaus, 1971). He has found as a result that different individuals remember and forget a 
series of meaningless words, obeying one and the same law. Psychologists have proved one more thing in the 80-ies 
of the 20th century: acquiring of complex habits has a threshold character. Regarding teaching of Mathematics, this 
means the following. After a certain number of hours of problem-solving activity and undergoing practical exercise, 
the taught one (student) acquires a qualitatively new level of preparation. If however, he or she cannot overcome 
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that critical point (threshold), a process of forgetting is possible to begin, and further efforts invested in learning 
become useless and even harmful. 
1.1. Theoretical background 
Let ( )P t  be the preparation, provided and realized in a time interval 1 2[ ; ]t t  with a group of students. In 
particular, P  can mean self-preparation, too, including independent learning, reading a book, work in a library, etc. 
Generally speaking, there is no restriction on the type and values of P  with respect to theory, and P  denotes the 
external impact. It is directed to the student or the student directs it to him/herself. Suppose for a moment that ( )P t  
is the “ideal” impact, regarding standards, correct methods and scientific characteristics, efficient teachers-experts, 
etc. In case it is not affected by insignificant factors, i.e. by so-called noises (moment psychic state, health state, 
students’ and teachers’ income, technical means, etc.), then 0( )P t P const in the considered interval. We call 
the interval 1 2[ ; ]t t  learning stage or preparation stage (Grozdev, 2007). It is clear that 0 0P . Student’s 
potentiality, denoted by k , varies during preparation and self-preparation, i.e. it depends on time t . Hence, we 
denote it by ( )k t . Function ( )k t  is a measure of the state of the system of knowledge, skills, habits, inclination, 
talents, capabilities and all other components of student’s potentialities. Suppose at first approximation that learning 
is “pouring in” knowledge and skills, i.e. vessel filling. Then learning could be described by means of the equation  
(1) 0( )k t P , 1 1( )k t k ,  
whereas we find that 1 0 1( ) ( )k t k P t t  and 2 2 1 0 2 1( ) ( )k t k k P t t . This shows that acquiring of 
experience as a result of learning is proportional to the length of the necessary time interval. Performing similar 
calculations, we can arrive at the same conclusion in the case when learning is influenced by external parameters, 
i.e. ( )P P t . Once again, the capability level turns out to be proportional to the time interval and increases for a 
larger interval. Of course, eventually this is so when the natural condition ( ) 0P t  holds true in the second case. 
But, as stated above, the superposition principle is inapplicable to learning process. This means that not everything 
that is studied, can be learned, which happens in reality. Thus, vessel filling analogy is not possible.  
Theoretically, consider the most general form of equation (1), in case that it is solved with respect to the first 
derivative (learning speed): 
(2) ( ) ( , )k t F t k , 1 1( )k t k . 
Consider the case ( , )F t k k P , where k  accounts for student’s active role during learning, according 
to some reasons in the sequel, and  is called individual characteristic (Grozdev, 2007) for similar reasons. Then  
(3) 1 1( ) exp ( )
P P
k t k t t .  
At the same time, if ( )x t  is the volume of the memorized material by a person, H. Ebbinhaus’s classical 
experiments show that 1 2( ) exp( )x t C C t , where 1C  and 2C  are constants, while  is power of speed of 
perception (forgetting) and 0 , according to Ebbinhaus (Ebbinhaus, 1971). This result is amazing similar to the 
solution (3) of (2). One of them has been obtained experimentally, while the other, (3), – purely theoretically. Fig. 1 
shows the plot of change of a student’s preparation level during training. Such a plot is called curve of learning 
(Grozdev, 2007). One basic preparation stage (the curve in 1 2[ ; ]t t ) and its basic characteristics are related to 
Thorndike’s “negative acceleration”, ascending direction of each learning, plateau occurrence (the flat part of the 
plot), bifurcation point, etc. The plateau and bifurcations together with the related point ct  of critical time are 
exceptionally important for practice. The point denotes entrance into the saturation area (Grozdev, 2007), where 
learning risks to become useless, and its subsequent finding is a premise of avoiding an eventual bifurcation and 
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related negative effects. A laboratory construction of the learning curves enables one to predict the moment ct . It is 
proved in (Grozdev, 2007) that the occurrence of the critical moment does not depend on the initial data. It depends 
on student’s individual characteristic, only, which is the reason to name it so and will be discussed in the sequel.  
 
 
  
 
 
 
 
 
 
 
 
Fig. 1. 
1.2. Methodology for the elaboration of students’ individual characteristics 
We consider in detail a method of determining individual characteristics, based on the results of twenty six 11 
grade students. The results have been registered during the last but one school year and have been used the next year 
in 12th grade. They are connected with 10 mathematical tests and the number of excellently scored ones have been 
used as a rating. Five different groups of students have been outlined, denoted by iG , 1, 2, 3, 4, 5i . The first 
group 1G , called group of maximal preparation, has comprised students with excellently scored 10 tests. We have 
assumed that the probability of such a student to perform also excellently during the school-leaving examination in 
Mathematics is equal to 1. We have chosen the number 1 ln(0,99)  (natural logarithm of 0,99 and not of 1, 
since ln1 0) as an individual characteristic for that group. Besides, 1 0 , which fulfils H. Ebbinghaus's 
(Ebbinhaus, 1971) requirement to the perception parameter . However, only one student has entered group 1G . 
The second group 2G , called group of high preparation, has comprised students with excellently scored 8 tests out 
of the 10 required. The probability that such a student would perform also excellently during the school-leaving 
examination is 
8
0,8
10
. Here, the individual characteristic has been chosen to be 2 ln(0,8)  and again, 
2 0 . Three students have entered the group 2G  during the year considered. The reasons they have not entered 
group 1G , are that their participation has been not stable, and the probability to perform excellently during the next 
year final exam should not be equal to 1 by sure. We call the third group 3G  group of average preparation, and 
students with 6 excellently scored tests have entered it. The probability that a student from this group would perform 
excellently during the school-leaving examination is 
6
0,6
10
. We have considered the number 3 ln(0,6) , 
3 0 , to be the characteristic of 3G . This group has comprised students with average preparation and it has been 
consisted of 5 students during the year considered. The fourth group 4G  is called group of low preparation, 
comprising students with 5 excellently scored tests. The probability that someone would perform excellently during 
the school-leaving examination is 
5
0,5
10
. Here, the individual characteristic is the number 4 ln(0,5) , 
4 0 , and 11 students have entered the 4G  group during the considered year. The last group 5G  is called group 
of poor preparation. It has comprised students with 2 excellently scored tests. The probability that someone from 
that group would perform excellently during the next year final exam is 
2
0,2
10
. Here, the characteristic is 
5 ln(0,2) , 5 0 . Exactly 4 students have entered group 5G  during the considered year. Two students out of 
26 have remained without any excellently performed test and we have excluded them from further investigations. 
Outlining the groups, we have accounted for the perception degrees, proposed by Gutieres and co-authors (Gutierrez 
and al., 1991), who have based them on Van Hiele’s five hierarchic and discrete thinking levels (Van Hiele, 1986). 
We are faced with a similar situation. Other similar experiments (Grozdev, 2007) show, that most often, the duration 
of a student’s participation in a group is half an year, although there are exceptions, but they concern periods of 
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several months. Besides, a student can pass from one group into another one. We have the following diagram of 
transition from one group into another one: 1 2 3 4 5G G G G G . There is transition from level iG  to 
level 1iG  only under full acquisition of knowledge, skills and other capability components. Those components are 
characteristic for level 1iG . However, if a student does not acquire knowledge, skills and the rest of the capability 
characteristics of the level 1iG , his or her dominating level remains iG . A leap over levels is theoretically possible, 
but we assume that the probability for it is equal to zero. Regarding a given period of preparation (learning), a 
student becomes dependent on his or her group. At that moment, his or her system is in equilibrium. The system, 
however, is extremely sensitive. The smallest piece of new information can affect it and it starts oscillating. The 
respective i  changes smoothly, increasing or decreasing, passing through the starting position, again increasing or 
decreasing, etc. The individual characteristic from constant now becomes variable, and this variable is of key 
importance. It determines the system’s state. It is possible that i  would attain another value of the group of five 
parameters. Then, the student passes from one group into another. Yet, whether he or she would remain in the new 
group or return to the previous one depends on further learning. The established numbers i  characterize the stable 
states of equilibrium, while the intermediate values characterize the unstable states of equilibrium. The state 
between two stable states is a state of lack of order (chaos). This, however, is not chaos in the formal meaning of the 
word. In fact, each personal system of knowledge “looks for” stable states by means of chaos, and if there are 
favorable opportunities, it replaces the old stable state (i.e. the group iG ) for a new one, which is of higher order. 
The search resembles roaming but such a roaming is strictly determined and inevitable during the system evolution. 
Besides, it also proves to be useful. Of course, not every change is related to chaos. Learning is a striking example 
of purposeful change.  
1.3.  Curves and surfaces of learning 
At the beginning of the 12th grade year all the 24 students, participating in the experiment and having 
corresponding individual characteristics on the base of their results during the previous year, have been tested. The 
score of one member of the group G5 has been made equal to 1 unity, with respect to a scale ( (0) 1k ). Using the 
same scale the expected preparation along the whole 12th grade school year has been evaluated by 20 units. It has 
happened possible to construct the curve of learning of the student under consideration in Fig. 2 (a). The horizontal  
asymptote 20 / ln(0,2)k  is plotted by a dashed line. The dashed area in Fig. 2 (b) is approximately 90% of 
the area of the region, bounded by the asymptote and the learning curve on the interval [0,5; ] . Then 1 0,5t , 
1 7k  and 2 2t . Here 2ct t . The plots are obtained by using the mathematical package MATHEMATICA. 
Note that the initial result (0) 1k  does not influence the value of ct  practically. This theoretical assertion 
(Grozdev, 2007) is in good agreement with the plotting in Fig. 3 (a), connected with a student from group G4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. (a) first picture; (b) second picture 
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It could be observed that the point 4,4ct  is one and the same for different initial conditions (initial tests). The 
appearance of the plotting is like a fan which is reasonable to call it just that. When the initial points are above the 
asymptote 
20
ln(0,5)
k  (the dashed line), the corresponding curves have inverse slope. This means that if a 
student’s scores from the entrance test are high and the proposed preparation is low, then the participation in the 
process of learning is senseless in this specific case. The Fig. 3 (b) shows a surface of learning of a student from the 
group G5 with individual characteristic 5 ln(0,2) . For fixed preparation 30P , the surface maps continuous 
change of the curves of learning, when the initial values are in the interval [0;30] . We find that the surface 
provides greater clarity and more convenient possibilities of comparison. Regarding the spatial mapping, however, 
the asymptote transforms into an asymptote plane which is parallel to plane tOk0 here.  
2. Conclusion 
We have outlined the importance of learning curves and surfaces mainly with regard to the timely discovery of 
the critical point, marking the entrance into saturation area. This could be done in laboratory conditions, and 
conducting of examination is not obligatory during preparation. Of course, one or two measurements during learning 
are appropriate to check the theoretical change but controls before final exams are inadmissible. The learning curves 
allow independent timely fault elimination of current weaknesses and introducing of corrections.  
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